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ABSTRACT 
This work is concerned with assessing the structural integrity of 
reinforced crack panels with damaged patches. With the applied load 
fixed in a direction nonnal to the crack plane, two types of patch 
edge debonding are considered. They are referred to collinear and 
transverse debonding. The former refers to debonding over a region 
ahead of only one of the crack tips where the load and geometry are 
symmetric across the crack plane while the latter is concerned with 
debonding over a region to the side of the crack where syrrrnetry is no 
longer preserved across the crack plane. The twelve (12) node isopar-
ametric elements are employed to obtain the stresses and strains from 
which the strain energy densities can be found for analyzing the fail-
ure behavior of the patched panels. 
The local and global maximum of the minimum strain energy density 
function, designated by [(dW/dV);~~JL at Land [(dW/dV)~~~JG at G, are 
found and applied to determine failure instability. The distance 11 £ 11 
between Land G serves as a measure of crack instability; it increases 
with the debonded area. That is, debonding tends to enhance failure 
instability by the initiation of fracture from the existing crack. 
In this respect, for approximately the same area of debonding, crack 
initiation for collinear debonding would be more unstable when com-
pared with transverse debonding wh°}re crack growth is no longer self-
similar. Also defined is a patch effectiveness index I that provides 
infonnation on the load carrying capacity of the damaged patch. In 
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this case, transverse debonding is more detrimental than collinear de-
bonding because a more significant reduction in the load transfer path 
occurs in the former case. In general, both i and I would have to be 
considered for assessing the integrity or the remaining life of the 
damaged patch. 
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ABSTRACT 
This work is concerned with assessing the structural integrity of 
reinforced crack panels with damaged patches. With the applied load 
fixed in a direction normal to the crack plane, two types of patch 
edge debonding are considered. They are referred to collinear and 
transverse debonding. The former refers to debonding over a region 
ahead of only one of the crack tips where the load and geometry are 
symmetric across the crack plane while the latter is concerned with 
debonding over a region to the side of the crack where symmetry is no 
longer preserved across the crack plane. The twelve (12) node isopar-
ametric elements are employed to obtain the stresses and strains from 
which the strain energy densities can be found for analyzing the fail-
ure behavior of the patched panels. 
The local and global maximum of the minimum strain energy density 
function, designated by [(dW/dV)~~~JL at Land [(dW/dV);~~JG at G, are 
found and applied to determine failure instability. The distance "t" 
between Land G serves as a measure of crack instability; it increases 
with the debonded area. That is, debonding tends to enhance failure 
instability by the initiation of fracture from the existing crack. 
In this respect, for approximately the same area of debonding, crack 
initiation for collinear debonding would be more unstable when com-
pared with transverse debonding where crack growth is no longer self-
similar. Also defined is a patch effectiveness index I that provides 
infonnation on the load carrying capacity of the damaged patch. In 
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this case, transverse debonding is more detrimental than collinear de-
bonding because a more significant reduction in the load transfer path 
occurs in the former case. In general, both i and I would have to be 
considered for assessing the integrity or the remaining life of the 
damaged patch. 
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ABSTRACT 
This work is concerned with assessing the structural integrity of 
reinforced crack panels with damaged patches. With the applied load 
fixed in a direction nonnal to the crack plane, two types of patch 
edge debonding are considered. They are referred to collinear and 
transverse debonding. The former refers to debonding over a region 
ahead of only one of the crack tips where the load and geometry are 
symmetric across the crack plane while the latter is concerned with 
debonding over a region to the side of the crack where syrnnetry is no 
longer preserved across the crack plane. The twelve (12) node isopar-
ametric elements are employed to obtain the stresses and strains from 
which the strain energy densities can be found for analyzing the fail-
ure behavior of the patched panels. 
The local and global maximum of the minimum strain energy density 
function, designated by [(dW/dV);i~JL at Land [(dW/dV)~i~JG at G, are 
found and applied to determine failure instability. The distance 11 £ 11 
between Land G serves as a measure of crack instability; it increases 
with the debonded area. That is, debonding tends to enhance failure 
instability by the initiation of fracture from the existing crack. 
In this respect, for approximately the same area of debonding, crack 
initiation for collinear debonding would be more unstable when com-
pared with transverse debonding where crack growth is no longer self-
similar. Also defined is a patch effectiveness index I that provides 
infonnation on the load carrying capacity of the damaged patch. In 
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this case, transverse debonding is more detrimental than collinear de-
bonding because a more significant reduction in the load transfer path 
occurs in the fonner case. In general, both i and I would have to be 
considered for assessing the integrity or the remaining life of the 
damaged patch. 
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I. INTRODUCTION 
All structures contain defects or flaws that are either inherent 
in the material or developed during service. Whether these imperfec-
tions are hannful or not depend on the specific application. Surface 
cracks on road surfaces are usually ignored until they spread and de-
velop into large crevices known as "pot-holes" that can cause serious 
damage to automobiles. In high perfonnance ,-,,structures such as air-
crafts and space vehicles, even small cracks must be carefully ob-
served, particularly in regions of high mechanical constrain where an 
unfavorable disturbance can cause the sudden release of energy by rap-
id crack propagation. The means for detecting a small defect before 
it attains the critical size are, therefore, essential. Such a capa-
bility can be referred to as Non-Destructive Testing (NOT). Since re-
placement by disconnecting a portion of the structure is not always 
possible, local repair, when accomplished successfully, can restore 
damaged structural components to its original level of strength and 
durability. 
Conventional repair of cracked metallic components involves riv-
eting or bolting and the use of mechanical fasteners. While the re-
sulting joint can be disassembled subsequently, mechanical attachments 
require machining of holes in the adjoining members; this weakens the 
load carrying capability of the members and introduces additional con-
centration of stresses and strains at the bearing surfaces. Recent 
advances on composite materials and adhesive bonding te~hniques have 
developed more efficient and effective repair techniques which are 
-3-
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summarized in [1]. In particular, the boron-fiber-reinforced plastic 
(BFRP) patches had continued success in the repair of cracked aircraft 
structures. Since 1975, over 300 repairs have been made on the Her-
cules wing plank made of 7075-T6 aluminum which suffered stress corro-
sion cracking. The fatigue lives of the Macchi landing wheel more 
than doubled after patching. Extension of fatigue lives were also 
made on the lower wing skin of Mirage III and fuselage bulkhead flange 
* of AT-3 [2]. Bonded BFRP repairs are also more cost-effective be-
cause inexpensive and simple molding techniques can be used to patch 
cracks in curved sections while cracks can also be more easily moni-
tored through the patch. 
What occurs in practice, however, is that tools or other objects 
are unintentionally and frequently dropped on the patch reinforce-
ments. This causes partial debonding of the patch and can greatly re-
duce its load carrying capacity. Such a concern has been the subject 
of many U.S. Air Force and Navy research projects. The majority of 
the work, however, were empirical in nature and did not provide any 
insights into assessing the remaining strength or life of patches that 
are unbonded by different amounts and locations relative to the crack. 
One of the objectives of this research effort is to define a patch ef-
ficiency index that serves as a measure of loss in load carrying ca-
pacity due to debonding. Influence on crack instability will also be 
analyzed by application of the strain energy density criterion [3-5] 
*. This is the first advanced fighter pilot training jet built by the 
Republic of China in 1982. 
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. which has- been employed to explain. the .fracture behavior of many en-
gineering problems of practical interest in the past. Unlike the 
* other criteria in fracture mechanics such as the J-integral, the 
crack opening displacement (COO), etc., the strain energy density con-
cept is more versatile as it applies to crack initiation, subcritical 
growth, and onset of unstable fracture· without invoking additional as-
sumptions. To be employed in this work are the local and global maxi-
mum of the minimum strain energy density function that determines not 
only the prospective path of subcritical crack growth but also the de-
gree of crack instability [7-9]. 
The redistribution of stresses, strains and strain energy densi-
ties in the patched panel are obtained from the DACP computer program 
.. 
[10] .. It utilizes the 12 node isoparametric finite elements where the 
singular character of strain energy density field near the crack is 
preserved by the 1/9 and 4/9 shift of the nodes adjacent to the crack 
plane. Since load transfer takes place from the panel to the patch 
via the adhesive layer in the thickness direction, the patch panel 
problem is three-dimensional by nature. Sufficient accuracy can be 
achieved by using an effective modulus for the patch, adhesive and 
panel. Patch debonding is simulated to occur in regions collinear and 
transverse to the crack. Since additional stress singularities·~re 
created along the debonded border of the patch, an effective crack 
border is defined for estimating the local intensification of the 
* Detail discussion on the limitations and inconsistencies of the con-
ventional fracture mechanics criteria can be found in [6]. 
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strain energy density function which can be an order of magnitude 
higher than that away from the crack border. Debonding does not only 
reduce the bearing surface for load transfer but also introduces addi-
tional concentration of energy density. Special emphases are placed 
on detennining the oscillation of the strain energy density function 
whose amplitude decays with increasing distance from the crack tip. 
These results are displayed graphically and applied to analyzing the 
load carrying capacity and failure stability of the debonded patch 
panel. 
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II. CONCEPT OF LOAD TRANSFER AND REDISTRIBUTION 
When external loads are applied to a structure, the disturbances 
are transmitted to each material element and eventually an equilibrium 
state will be established. Because of nonunifonnity in geometry, the 
prevailing strain changes from location to location giving rise to 
nonuniform stress distribution that depends on the specified traction 
and/or displacement boundary conditions. According to the linear the-
ory of elasticity, the stresses attain singularity at reentrant cor-
ners, the order of which depends on the angles of the two intersecting 
surfaces and the boundary conditions. A case in point is the crack 
geometry which consists of two intersecting surfaces free of tractions 
whose inclined angle approaches zero in the limit. This gives rise to 
the familiar inverse square root stress singularity in tenns of the 
radial distance measured from the crack front. The coefficient or am-
plitude of this singularity has been identified with the so-called 
"stress intensity factor 11 [11-13] in linear elastic fracture mechan-
ics. This unique parameter under the most idealized conditions, can 
be related to the energy required to create a unit area of new crack 
surface. 
Such a concept was established in the early 1950's that provided 
the ·impetus for the development of the fracture mechanics discipline. 
This is a departure from the then conventional idea of stress concen-
tration which represents the largest stress at a certain point, where-
as, the stress intensity factor represents the amplitude of the local 
stress field including all points around the crack tip. Such a funda-
-7-
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mental distinction has not always been clearly made in the past and 
even in some of the most recent literatures. 
2.1 Local Stress Intensification 
As mentioned earlier, the str~sses near a sharp crack tip tend to 
intensify and their magnitude becomes infinitely large as the crack 
tip is approached. In two dimensions, the asymptotic expressions of 
the local crack tip stress components along the path of crack exten-
sion for synmetric loading are given by [13] 
kl 
ax or oy = - -+ 00 as r -+ O 
/2r 
( 2. 1 ) 
in which k1 is the Mode I stress intensity factor and r the radial 
distance from the crack tip as shown in Figure 2.1. A small distance 
r
0 
macroscopic in size is the limit of the continuum mechanics analy-
sis. This can be taken approximately as 10-2 to ,o-3 in. Within this 
small region, the material microstructure effects come into play. 
Hence, in any macroscopic experiments or continuum analysis, r in equa-
tion (2.1) does not tend to zero but stops short at a distance r0 • A 
limiting stress finite in magnitude can thus be obtained near the 
crack as illustrated in Figure 2.1. More specifically, ax and ay are 
macrostresses and they are not valid for elements that are microscopic 
in size. Such a distinction has been pointed out in [6]. In the same 
vein, the stress intensity factor k1 applies only to cracks that are 
macroscopic in size. In the case of Mode I crack extension of a cen-
ter crack in an unpatched infinite sheet subjected to remotely applied 
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Figure 2.1. Local element ahead of crack. 
uniform stress o, it takes the expression 
(2.2) 
It differs from the ASTM definition of K1 by a factor Irr, i.e., K1 
= /rrk1. A reduction in k1 occurs if the cracked panel is patched such 
that klp for the patched panel is always smaller than k1, i.e., 
(2.3) 
Refer to [9] for a discussion of the decrease of klp with increasing 
patch thickness. 
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2.2 Stress Flux Redistribution: Patch Reinforcement 
Reinforcement of a cracked panel by patching can be best illus-
trated by referring to the stress flux lines in Figures 2.2 and 2.3. 
Visualize a system of parallel stress flux lines in a unifonn uniax-
ial stress field where these lines will be directed along the action 
of load. A crack being a plane of discontinuity disrupts the path as 
shown in Figures 2.2(a) and 2.2(b) such that the flux lines will now 
have to go around the crack tip. They become bunched up locally giv-
ing rise to a local concentration of stress flux. This situation is 
relieved if the patches are bonded to both sides of the panel, Figures 
2.3(a) and 2.3(b). The flux lines can then travel across the crack 
plane via the patches; they are no longer congested to the crack tip 
region as in Figure 2.2(a). The redirection of the load path in re-
ducing the local crack-tip stress intensification is the fundamental 
mechanism of patch reinforcement. Although other techniques such as 
welding of the crack or drilling holes around the crack tips can re-
duce stress concentration, they can also introduce unfavorable 
stresses that may overshadow the gain. 
2.3 Imperfect-Adhesion 
Bonding by adhesion can be problematic if the curing of the res-
ins is not properly administered, especially for large patches where 
the temperature distribution in the uncured resin can vary appreciably 
from one location to another. Any air pockets or unbonded regions 
created between the patch and panel can greatly reduce the effective-
ness of the path. This is illustrated in Figures 2.4(a) and 2.4{b), 
-10-
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where the stress flux would be interrupted by the air pocket. A re-
duction of the effective load transfer path gives rise to stress in-
tensification near the crack tip. The edges of the debonded area can 
act as crack borders and lead to additional growth under bending. 
.. 
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III. EDGE-DEBONDING OF PATCHED PANEL WITH A CENTER CRACK 
Because of the step-wise discontinuity that prevails at the 
edge where the patch tenninates on the panel surface, the local 
stresses can be many times higher than the average. Aggressive envi-
ronments, together with unfavorable mechanical loads, can further ag-
grevate the situation and lead to peeling and delamination. It is not 
always obvious whether the damaged patch should be completely removed 
and repaired. Such a decision should rest on a knowledge of the re-
maining service life of a patch and the specific nature of damage. 
For example, debonding in regions collinear to the crack can differ 
appreciably from that which occurred in regions transverse to the 
crack. The development of predictive capability becomes necessary so 
that unnecessary repair can be avoided. 
3.1 Analytical Modeling 
Practical application of crack patching must be supplemented 
not only by mechanical tests on structural details but also by a reli-
able stress analysis for determining the appropriate combination of 
the patch material and geometry for a given situation. For aircraft 
metallic skin structures whose thickness dimension is relatively small 
in comparison with those in the plane, bending effects can be neglect-
ed. Globally speaking, the patch and panel can be assumed to be in a 
state of plane stress while locally in regions near the crack tip and 
edge debonding, plane strain is imposed. 
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3.1.1 Plane Defonnation 
For an isotropic and homogeneous material, the strain and 
stress components are related linearly as follows: 
( 3. 1) 
1n which v, E and Gare, respectively, the Poisson's ratio, Young's 
modulus and shear modulus. The strain energy density function in a 
differential element with volume dV = dxdydz is given by 
(3.2) 
Plane S:t.Jc..et,~. Since the thicknesses of the patch, adhesive and 
panel are small in comparison with those in the plane and if the ap-
plied loads do not vary in the thickness direction, then the trans-
verse stress components can be neglected: 
= 0 (3.3) 
A state of 11 plane stress" is said to prevail such that 
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In view of equation (3.3}, equations (3.1) simplify to 
(3.5) 
in which G and E are related: 
E 
G = 2 ( 1 +v) (3.6) 
Similarly, the strain energy density function dW/dV in equation (3.2) 
becomes 
dW _ l [ 2 + 2 2 2 ( l ) 2 ] cfV - 2E ox oy - \JOXOY + +v Txy (3.7) 
If the material is orthotropic such that the symmetric axes 1 and 2 
coincide, respectively, with x and y, then equation (3.7) must be mod-
ified to read as 
2 2 
dw 1 OX O V V l [ + - V ( V X + . XV) + 2 ] dV = 2· Ex Ey - ~ E 0 x0 y G Txy y X xy (3.8) 
Plane S.:tll.a1n. In the vicinity of the crack tip and edge de-
bonding, a state of "plane strain" prevails. If the crack border is 
parallel to the z-axis and the load is applied in the xy-plane being 
independe~t of z, then the assumption 
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Ez = Yzx = Yzy = 0 (3.9) 
holds for r + 0 where r is the distance measured from the crack front. 
Moreover, the nonvanishing strain then depends only on x and y, i.e., 
(3.10} 
The strain and stress relations become 
E = l+v [(1-v)o - VO] 
X E X y 
(3.11) 
_ 2(l+v) 
Yxy - E Txy 
from which the stresses ax, oy and Txy can be obtained with vanishing 
T and TY. The transverse nonnal stress component o2 takes the fonn xz z 
o
2 
= v(a +a) X y (3.12} 
Under these considerations, the strain energy density function is 
given by 
dW _ l +v [ ( l ) ( 2+ 2) 2 + 2 2 ] clV - ~ -v ax ay - vaxay Txy (3.13) 
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When edge debonding or delamination takes place in the xy-
plane, then the y-axis would represent the thickness coordinate. All 
the equations (3.9) to (3.13) remain valid provided that the sub-
scripts y and z should be interchanged. Subsequent discussions will 
provide more details on the physical aspects of edge debonding. 
3.1.2 Edge-Debonding: Collinear and Transverse 
Two types of edge-debonding will be considered. They are re-
ferred to as collinear and transverse debonding as illustrated in Fig-
ures 3.l(a) and 3. l(b), respectively. Let r denote the complete patch 
contour of length 2nR. Collinear debonding takes place along the arc 
ABC in Figure 3. l(a) creating a debonded area of depth d and a crack 
border y. The same applies to transverse debonding in Figure 3.l(b) 
where DEF is the debonded portion of r. Shown in Figures 3.2(a) and 
3.2(b) are cross-sectional views 8-8 and C-C referred, respectively, 
to those indicated in Figures 3.l(a) and 3.l(b). As a result of edge-
debonding, new crack borders are created giving rise to stress singu-
larities in addition to those for the original crack in the panel. 
Hence, the intensification of the strain energy density state along 
r-ABC or r-DEF differs from those along y. Such a distinction must be 
clearly recognized. 
3.1.3 Effective Crack Border Energy Density 
Suppose that the stress states along yin Figures 3.l(a) and 
* 3.l(b) are obtained by considering the effective stiffness Ej defined 
as 
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(3.14) 
* in which (Ep/a) j stand for the effective stiffn·ess of the patch and 
adhesive, i.e., 
x,y,z (3.15) 
and 
(3.16) 
The orthotropic properties of the patch are reflected by the differ-
ence in the stiffness modulus in the x- and y-direction. The sub-
scripts p, a ands refer to the patch, adhesive and panel, respective-
ly. While the adhesive can affect load transfer in the z-direction as 
discussed earlier in connection with Figures 2.3{b) and 2.4(b), its 
influence on Eeff in the xy-plane can be neglected. In this respect, 
it suffices to employ equation (3. 14) for finding the in-plane 
* * * stresses ax, ay and Txy everywhere in the patched panel by including 
the influence of patches on both sides of the panel. The contour yin 
Figure 3.3 may then be regarded as an effective crack border. An ef-
* fective transverse stress component cr2 can thus be defined in tenns of 
* * ax and cry by using equation (3. 12), i.e., 
* * * a 2 = v (ax +a y) (3 . 17) 
-22-
:· .• 
\ 
' 
.. 
··' 
·'·· 
\· 
\ 
., 
'r· 
I°.• 
,: 
~---------,A or D 
L Effective crack 
border y 
B or E 
Debonded area 
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* where v :::'. v . 
If r denotes the distance nonnal toy at a given point as shown 
in Figure 3.3, the strain energy density function dW/dV in a local el-
ement can be expressed in terms of a strain energy density factor S 
[3-5]: 
(3.18) 
* On the contour y, an effective crack length a may be defined to yield 
an effective Mode I stress intensity factor 
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(3.19) 
Knowing that 
( 1 +v) ( 1-2\J) ki 
s = ---=----2E (3.20) 
both equations (3. 18) and (3.19) may be applied to each point on the 
effective crack border y, i.e., 
* (~) 
r 
( 3. 21 ) 
* where E
2 
is the effective Young's modulus of the patch, adhesive and 
* * panel in the z-direction. For an edge crack of length a , the ratio 
* a /r may be taken approximately as 20 and hence, equation (3.19) sim-
plifies to 
* 2 
dw * 10(l+v)(l-2v)(o2 ) Cav) = * 
E 
z 
(3.22) 
Note that since dW/dV in an element away from the crack is proportion-
al to the local stress square divided by the modulus, the factor ten 
(10) in equation (3.22) represents an order of magnitude increase in 
the strain energy density function in regions near the crack border. 
1i For a central crack of length 2a, the ratio a/r is ten (10). 
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3.2 Finite Element Fonnulation 
The finite element fonnulation of the DACP program has already 
been discussed in [10] and hence, only a very brief discussion of the 
method will be given for the sake of convenience. Aside from the gen-
eral considerations of the method that can be found in [15], the DACP 
program guarantees that the strain energy density function increases 
inversely with distance measured from the crack edge. This is accom-
plished by shifting the position of the nodal points adjacent to the 
crack plane. Isoparametric finite elements embedded with Gaussian 
points are also used to ensure high accuracy of the solution near the 
crack and debonded region. 
3.2.1 Shape Functions 
The patched panel will be discretized in the plane and thick-
ness direction by using the quadratic elements with twelve (12) nodes. 
Reference is made to the natural and reference coordinates as shown in 
Figures 3.4 and 3.5. The edges of the element correspond to~ or n 
equal to ±1 while the midside nodes are divided equally between the 
corner nodes at ±1/3 of the distance. 
The shape functions Ni(~,n) are introduced to relate the dis-
placements ux and uy for the element to those at the nodes (ux)i and 
(uy)i where i = 1,2, ... ,12 designate the number of nodes in a given 
element, i.e., 
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Figure 3.5. Isoparametric element in reference coordinates. 
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(3.23) 
12 
uy = .l Ni{~,n)(uy)i 
1=1 
Similarly, the rectangular coordinates x and y at any point in the 
structure can also be expressed in tenns of those at the nodes. They 
are given by 
12 
x = ' N.(~,n)x. l , , 
i=l 
12 
Y = .l Ni(~,n)Yi 
1=1 
The functions N;(~,n) for i = l ,2, ... ,12 take the forms 
N3 = ~2 (l-n)(l-S2 )(1+3S) 
N6 = ~ (l+S)(l-n 2 )(1+3n) 
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3.2.2 Strains and Stresses 
Once the displacements are known, the strain components may be 
obtained as 
aux 
EX -ax 
{s} = Ey = ~ (3,26) ay 
aux ~ 
Yxy -+ ay ax 
Equation (3.23) may be substituted into equation (3.26) to render 
{s} = [B]{u} (3.27) 
- -
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where the components B;_ are given by 
aN. 
' l 0 ax ' 
aN. 
[B.] 0 l (3.28) = l ' ay 
aN. 
l 
aN. 
l 
-ay ' ax 
In equation (3.27), {u} is the displacement vector 
{u} = (3.29) 
The material matrix [DJ connects the stress {a} and strain {E}: 
"' "' 
{o} = [DJ{E} (3.30) 
For the case of plane stress, [DJ takes the following form for an or-
thotropic material: 
Ex Exvyx 0 1-vxy vyx' 1-vxyvyx' 
[DJ = Eyvxt 1 
-vxy vyx' 
Et 
1 
-v xy vyx' 0 
( 3 .. 31) 
0 ' 0 
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Similar expressions of [D] can be obtained for plane strain. 
3.2.3 Stiffness Matrix 
The finite element procedure being approximate makes use of the 
principle of variational calculus such that consistency is observed. 
This is accomplished by minimizing the potential energy of the system. 
Derived is the equation of motion: 
[M]{u} + [K]{u} = {F} (3.32) 
where [K] is the stiffness matrix, [M] the mass matrix and {F} the 
-
equivalent load vector. The fonn of [K] is 
[K] = ff [B]T[D][B]tdxdy (3.33) 
Here, t stands for the thickness dimension and the Jacobian [J] is de-
fined as 
[J] = (3.34) 
whose inverse is 
-30-
,· 
. 
' . 
·~ 
,• 
-~ 
-~ 
,. 
1 
,1·· 
.... 
,,. 
(3.35) 
A change on the independent variables can thus be made with the help 
of equations (3.34) and (3.35), i.e., 
aN. 
1 
a~ 
aN. 
l 
ax 
aN. 
l 
ax 
aN. 
l 
a~ 
= [J] or = [JJ-1 (3.36) 
aN. aN. 
l l 
aN. aN. 
l l 
an· ay ay an 
Since the same shape functions are used to transfonn the displacements 
and coordinates, the Jacobian [J] can be written as 
[J] = 
For a volume element 
12 aN. 
I an, Yi 
i=l 
dv = tdxdy = tdet[J]d~dn 
equation (3.33) becomes 
1 1 
[K] = f f Q(~,n)d~dn 
-1 -1 
in which 
· ··, 'fr 
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Q(t,n) = [B]1[D][B]tdet[J] (3.40) 
The Gauss-Legendre quadrature may thus be applied to evaluate the in-
tegration numerically: 
1 1 4 4 f f Q{~,n)d~dn = L l H.H.Q(~.,n.) 
-1 -1 i=l j=l 1 J J J (3.41) 
For the twelve (12) node element, there are sixteen (16) Gaussian 
points such that 
~2 = -~3 = 0.339981043584856 
~, = -;4 = 0.861136311594053 
n2 = -n3 = 0.339981043584856 
n1 = -n4 = 0.861136311594053 
The quantities Hj (j = 1,2, ... ,4) in equation (3.41) are 
H1 = H4 = 0.347854845137454 
H2 = H3 = 0.652145154862546 
(3.42) 
(3.43) 
In the same way, the mass matrix [M] and the equivalent load vector 
{F} can also be evaluated by numerical integration. Once the dis-
-
placements are found from equation (3.32), the strains and stresses 
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follow. Smoothing techniques can thus be applied such that their ac-
curacy will be of the same order as that for the displacements. 
3.3 Problem Specification 
Based on the finite element fonnulation presented in Section 
3.2, numerical calculations will be made to obtain the stresses, 
strains and strain energy densities in a cracked panel that is rein-
forced on both sides with partially debonded composite patches. The 
adhesive layer acts as the interface where the load is transferred 
from the panel to the patch. 
3.3.l Load and Geometry 
Depicted in Figures 3.6(a) and 3.6(b) are the plane and side 
view of a panel 2b wide and 2h high that contains a center crack of 
length 2a centered at the origin of a rectangular Cartesian coordinate 
system (oxy). A circular path of radius R is bonded to both sides of 
the panel where debonding can occur in the x- or y-direction as ex-
plained earlier. A load of o = 50ksi is applied uniaxially along the 
y-axis such that stress state is symmetric about the x-axis for col-
linear debonding and no symmetry prevails if debonding occurs in the 
transverse direction. The dimensions of the patched panel are 
a= 1.5 in, 
b = 5.0 in, 
h = 10.0 in, 
R = 3.0 in, 
tp = 0.005 in 
ta= 0.004 in 
ts= 0.09 in 
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Various areas of debonding will be specified in the work to follow. 
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3.3.2 Material Properties 
The panel is made of 7075 aluminum alloy that has a yield 
strength ays = 75 ksi and ultimate strength af = 98 ksi. Its Young's 
modulus and Poisson's ratio are given in Table 3.1. Given in Tables 
Table 3.1. Mechanical properties of panel (7075 Ai). 
Ex 106 (psi) G x 106 (psi) \) 
10.3 3.9 0.32 
3.2 and 3.3 are the effective mechanical properties of the patch, ad-
hesive and panel as computed from equations (3. 14) and (3.15). 
Table 3.2. Effective mechanical properties of patch 
and adhesive. 
* * * * * (Ep/a)x (Ep/a)y (Ep/a)z Gp/a vp/a 
X 106 (psi) X 106 (psi) X 106 (psi) X 106 (psi) 
0.44 3.39 0.44 0 .13 0.249 
Table 3.3. Effective mechanical properties of patch, 
adhesive and panel. 
* * * * * Ex Ey Ez G V 
X 106 (psi) X 106 (psi) X 106 (psi) X 106 (psi) 
10.74 13.69 10.74 4.03 0.308 
3.3.3 Grid Patterns 
The patched panel is discretized using 452 nodes and 86 ele-
ments. Refer to Figures 3.7 and 3.8, respectively, for the numbers 
assigned for each of the nodes and elements. The circle represents 
-35-
.r; 
'I· 
·r .·. 
L 339 335 331 327 323 325 329 333 
321 317 313 315 
,-
.. 
;"t' 311 307 303 305 
'1. 
301 297 293 289 285 281 277 279 2!3 287 291 295 299 
267 273 275 
257 
265 263 
255 251 247 245 249 253 
229 227 
215 213 
201 197 193 195 199 
99 97 
73 71 
48 46 « 43 45 47 
74 72 
100 98 
20 1 2 196 200 
216 214 
230 228 
256 252 246 25 254 
266 264 
2S8 
76 274 
268 
302 298 294 282 278 280 284 292 296 300 
312 308 304 306 310 
322 318 314 316 320 
348 344 340 336 332 328 324 326 330 334 338 342 346 ----x 
0 
Figure 3.7. Numbering of nodal points for the patched panel. 
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the outer edge of the patch while the line crack lies within the patch 
whose tips are located in the two small squares. Enlarged views of 
the. grid pattern for the pattern are given in Figures 3.9 and 3.10 
which show the numbers of the nodes and elements, respectively. The 
exact shapes of the debonded area are shaded; they approximate those 
shown in Figure 3.l(a) for collinear debonding and in Figure 3.l(b) 
for transverse debonding. Since the surfaces over the debonded area 
are separated, two sets of nodal points will have to be defined. 
Those points that overlap are distinguished in Tables 3.4 and 3.5. 
Table 3.4. Overlapping nodal points for collinear debonding. 
Nodal Points 
Panel 37 39 41 67 68 93 94 
Patch 416 447 448 449 450 451 452 
Table 3.5. OverlaRping nodal ROints for transverse debonding. 
Panel Patch Panel Patch 
243 454 217 447 
221 456 203 446 
207 458 233 449 
239 452 237 451 
235 450 241 453 
231 448 219 455 
205 457 
The same applies to the crack region whose grid pattern is displayed 
in figure 3.11 that identifies the node numbers and in Figure 3.12 
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that identifies the element numbers. The left and right crack tip 
correspond to node 24 and 23, respectively. Since the debonded patch 
geometry is synmetric with respect to the x-axis for collinear debond-
ing and to the y-axis for transverse debonding, the full grid pattern 
must be considered for obtaining the numerical results of both types 
of debonding. 
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IV. STRUCTURAL INTEGRITY EVALUATION: STRAIN ENERGY 
DENSITY CRITERION 
Failure stability of the patched panel can be analyzed by ap-
plication of the strain energy density criterion [3-5] which takes in-
to account the effects of all the stresses and strains rather than fa-
voring on a particular component of the stress or strain. The crite-
rion considers energy absorption by an element undergoing ~hape and 
volume change. The fonner can be identified with yielding or perma-
nent defonnation while the latter with fracture. Depending on the 
load type, structure geometry and material, the proportion of dilata-
tional and distortional energy in an element can vary from location to 
location and be determined automatically from the stationary values of 
the strain energy density function given by equation (3.8) by using 
the effective mechanical properties in Table 3.3 where Ex and EY cor-
* * * respond to Ex and Ey while vxy and vyx to v. 
4.1 Physical Meaning of Stationary Values 
In general, the stresses and strains in structural components 
are nonuniform; they vary from one location to another. This gives 
rise to oscillations of the energy stored in a unit volume of materi-
al. It is not difficult to visualize that when distortion dominates, 
volume change dV is small; this makes the quotient dW/dV a relative 
maximum, i.e., (dW/dV)max whereas when dilatation dominates or dV be-
ing large, dW/dV attains a relative minimum or (dW/dV)min· The loca-
tions of the prospective sites of yielding and fracture initiation 
can, therefore, be assumed to coincide with the locations of maximum 
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(dW/dV)max or (dW/dV):!~ and maximum of (dW/dV)min or (dW/dV)~~- If 
the load is made to increase, (dW/dV):~ will first encounter a thres-
hold that corresponds to yield initiation as illustrated in Figure 
4. 1. This will be followed by (dW/dV)~r~ reaching the threshold 
(dW/dV)c that corresponds to fracture initiation. Since (dW/dV) 0 
(dW/dV) : Threshold of fracture initiation 
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dW max 
( dV) : 
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dW max 
(aV) . : 
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--
r--, 
I 
I 
L __ ..J 
Location of 
yielding 
Location of 
fracture 
Space variable 
Figure 4.1. Stationary values of strain energy 
density function. 
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by definition, less than (dW/dV)c, yiei,d,lng w..i1.1. alwa..yJ occuJr.. p!Llo~ 
to r/1 . a.ctu!te_ and ox. a cUnneJr..e_nt loeaJ:1-on. This sequence is shown sche-
matically for the state of affairs near a macrocrack tip, Figure 4.2. 
Macrocrack 
I 
I 
I 
I 
, 
I 
dW max (aV) : 
max 
Yield before 
fracture 
F=====:!=:======~~----....._ dW max (dV) . : Fracture 
after 
yield 
I ' 
' \ 
' \ \ 
\ \ 
\ \ 
~ 
' ' 
' I 
' 
'~ Plastic 
min 
enclave 
Figure 4.2. Schematic of yield-fracture sequence. 
4.2 Basic Hypotheses 
Based on the physical explanation given earlier, assumptions 
.. 
can be made to predict the initiation of fracture in patched panels. 
It can be stated that: 
(1) Fracture is assumed to initiate at a location that coin-
cides with the maximum of the relative minimum strain energy density, 
i . e. , (dW/dV)m~x m,n· 
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(2) Fracture initiation occurs when (dW/dV):~ reaches the 
critical value (dW/dV)c. 
The quantity (dW/dV)c can be obtained from the area under the uniaxial 
true stress and true strain curve: 
( 4. 1 ) 
where Ec is the ultimate strain of the 7075 aluminum panel that con-
tains the crack. Referring to Figure 4.3, (dW/dV)c can be related to 
> 
t, 
.......... 
3 
t, (dvJ/dV)c 
>i 
.µ 
•r-
(/) 
C 
QJ 
t, 
>i Sc Existing O') S-
crack QJ C 
LJJ 
Distance r 
Figure 4.3. Decay of local strain energy density function. 
the critical strain energy density factor Sc as 
(4.2) 
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in which re corresponds to the critical ligament of material at the 
onset of rapi·d fracture. Hence, Sc can _be related to the valid ASTM 
K1c fracture toughness value \ 
( l +v) ( 1 - 2v) Kl c 
Sc = 2nE ( 4 · 3) 
Typical values of Sc for many metal alloys can be found in [3]. The 
radius of the core region r0 is a limiting macroscopic distance as 
discussed earlier. 
4.3 Local and Global Instability 
The classical linear elastic fracture mechanics approach based 
on the concept of Klc considers only the onset of rapid fracture and 
does not yield any· information of crack stability or instability. The 
tendency of a crack to arrest or to propagate unstably depends on the 
combined influence of loading, geometry and material. Such behavior 
is reflected by the local and global stationary values of the strain 
energy density function. 
On physical grounds, it was argued in [6] that at each point in 
a nontrivial stress and/or strain field, there exists at least one 
maximum and one minimum of dW/dV. These values are known as the toea.l 
stationary values [(dW/dV)max]L and [(dW/dV)min]L such that a new co-
ordinate system is used for each point. When every point in the 
structure is referred to the same coordinate system, the resulting 
maxima and minima are known as the global stationary values 
-48-
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[(dW/dV)max]G and [(dW/dV)min]G. The distances between the local and 
global stationary values of dW/dV can serve as a measure of the fail-
ure stability of a system by yielding and/or fracture. If the discus-
sion is limited to fracture instability, then only the distance i be-
tween [(dW/dV);~~JL, say at L, and [(dW/dV):~]G, say at G, needs to 
be considered; it will be referred to as the crack instability index. 
The notation ( )m~x stands for the maximum of the many minima. For a 
min 
crack, subjected to loads that are syrrrnetric with respect to the pro-
spective path of crack growth, both Land G lie on the same straight 
line as shown in Figure 4.4. Crack motion, once initiated, tends to 
Existing 
crack 
Figure 4.4. 
Applied 
synme ri c 1 oad 
I 
I 
I 
( 
I 
I ro 
i 
L G 
~ £ -----i 
max [ ( dW) J dV . G min 
Location of local and global maximum of minimum 
strain energy density function for symmetric 
loading. 
spread from L to G. Hence, a system with large i is said to be more 
unstable as compared with that having a smaller i. 
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4.4 Stability of Crack Patching 
Depending on the combined influence of load, geometry and ma-
terial, failure by fracture can either be confined locally to the 
crack tip region or extended beyond the patch into the panel should 
the fracture resistance of the material be exceeded. This is illus-
trated schematically in Figure 4.5. Aside from the discontinuity of 
>, 
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Concept of crack instability index . 
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dW/dV at the patch edge, the top curve shows that G, the location of 
[(dW/dV):1~JG' is outside the patch while the lower curve shows that G 
lies inside the patch. For a given patch thickness tp' i can be 
longer or smaller than R-a depending on the type of debonding. The 
location of Lor [(dW/dV)~~~]L occurs at r0 which will be taken as 
10-2 in in the present analysis. Once Land Gare known, 1 can be ob-
tained to assess the influence of edge debonding on the failure insta-
bility of patched panels. 
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V. DISCUSSION OF RESULTS 
Failure of engineering structures can occur slowly over ape-
riod of time or suddenly without warning. The transition from sub-
critical damage to catastrophic fracture depends on several factors 
that involve loading, structure geometry and material type. Precise 
knowledge of the tenninal condition for stable crack growth must be 
known if structural reliability is to be assessed accurately. The 
challenge is to be able to estimate the remaining strength of damaged 
structural components. 
5.1 Debonding Classification 
Analytical prediction of the failure behavior of patch panels 
that are damaged at different locations by different amounts becomes 
necessary for the development of fracture control procedures. Refer-
ring to Figure 3. 10, collinear debonding occurs over element no. 71 
and 79 while transverse debending occurs over element no. 27 and 47. 
A more detailed account of the geometric discontinuities arising from 
debonding is given in Figures 3.l(a), 3. l(b), 3.2(a) and 3.2(b). The 
different cases to be analyzed are sumnarized in Table 5.1. The area 
of debonding increases with the depth d. In collinear debonding, the 
distance between the crack tip and debonded edge yin Figure 3.l(a) 
decreases with increasing d. Transverse debonding occurs in regions 
above the crack with y approaching the top crack surface as dis in-
creased. These two types of edge debonding will exert different ef-
fects on crack instability. 
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Table 5.1. Classification of collinear and transverse 
debonding. 
Case Debonding Depth Debonded Area 
No. d {in) { i n2 ) 
Collinear Debonding 
co 0 0 
Cl 0.5 0.965 
C2 0.9 1. 605 
C3 1 . 2 1.875 
Transverse Debonding 
TO 0 0 
Tl 1 . 0 3.816 
T2 1 . 5 5.316 
T3 2.0 6.816 
T4 2.4 8.016 
5.2 Crack Patching Instability 
Crack patching instability will be determined by computing for 
the strain ·energy density function along the prospective path of crack 
growth. In the case of collinear debonding that occurs symmetrically 
with reference to the crack plane, the crack growth path is straight 
ahead along the line y = 10 in in Figure 3.7. The direction of crack 
initiation is no longer obvious for transverse debonding and must be 
found by application of the strain energy density criterion [3-5]. 
5.2.l Collinear Debonding 
For collinear debonding, it suffices to compute dW/dV along the 
line y = 10 in where nodes 48, 46, ... ,47 are situated. They corre-
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Table 5.2. Strain energy density across panel width 
containing crack plane for Case CO. 
Node X y dW/dV 
No. (in) (in) (psi) 
48 .0000000 10.0000000 .1100453 
·' 
;,, 46 .6666667 10.0000000 . l 053272 ' 
44 1.3333333 10.0000000 .0943775 .~ 
42 2.0000000 10.0000000 .0775261 I 
40 2.1666667 10.0000000 .0773376 1 
-
38 2.3333333 10.0000000 .0778085 
354 2.5000000 10.0000000 .0783075 
352 2.6666667 10.0000000 .0789412 
350 2.8333333 l O. 0000000 .0797130 
36 3.0000000 l 0. 0000000 .0799074 
34 3. 1366667 l 0. 0000000 .0812673 
32 3.2733333 l O. 0000000 .0777485 
30 3.4100000 10.0000000 .0889989 
28 3.4600000 l 0. 0000000 .0894876 
26 3.4900000 10.0000000 .5159935 
24 3.5000000 l 0. 0000000 .9302381 
21 3.5100000 10.0000000 .0755797 
17 3.5400000 10. 0000000 .0402391 
13 3.5900000 10.0000000 .0208789 
9 4.0600000 10.0000000 .0115788 
5 4.5300000 10. 0000000 .0111260 
l 5.0000000 10.0000000 .0115008 
3 5.4700000 10.0000000 .0111260 
7 5.9400000 10.0000000 .0115788 
1 1 6.4100000 10.0000000 .0208789 
15 6.4600000 10.0000000 .0402391 
19 6.4900000 10.0000000 .0755797 
23 6.5000000 10.0000000 . 9302381 
25 6.5100000 l O. 0000000 .5159935 
27 6.5400000 10.0000000 .0894876 
29 6.5900000 10.0000000 .0889989 
31 6.7266667 10.0000000 .0777485 
33 6.8633333 l 0. 0000000 .0812673 
35 7.0000000 10.0000000 .0799074 
349 7.1666667 10.0000000 .0797130 
351 7.3333333 10.0000000 .0789412 
353 7.5000000 10.0000000 .0783572 
37 7.6666667 10.0000000 .0778085 
. 39 7.8333333 10.0000000 .0773376 
{; 41 8.0000000 10.0000000 . 0775261 
43 8.6666667 10.0000000 .0943775 
,·. 45 9.3333333 10.0000000 .1053272 1 47 10.0000000 10.0000000 . 1100453 
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Table 5.3. Strain energy density across panel width j '· 
containing crack plane for Case Cl. 
Node X y dW/dV 
No. (in} (in) (esi) 
-'•\ 
48 .0000000 10.0000000 .1099691 ' ·,· ,, 
,. 46 .6666667 10.0000000 . 1052759 !·. 
44 1.3333333 10.0000000 .0943554 
42 2.0000000 10.0000000 . 0775221 
40 2.1666667 10.0000000 .0773376 
38 2.3333333 10.0000000 .0778126 
354 2.5000000 10.0000000 .0783195 
352 2.6666667 10.0000000 .0789574 
350 2.8333333 l 0. 0000000 .0797373 
36 3.0000000 10.0000000 .0799359 
34 3. 1366667 10.0000000 .0813042 
32 3.2733333 10.0000000 .0777885 
30 3.4100000 10.0000000. .0890559 
28 3.4600000 10.0000000 .0895362 
26 3.4900000 10.0000000 .5163080 
24 3.5000000 10.0000000 .9308934 
21 3.5100000 l 0. 0000000 .0756142 
17 3.5400000 10.0000000 .0402783 
13 3.5900000 10.0000000 .0208945 
9 4.0600000 10.0000000 .0115959 
5 4.5300000 10.0000000 .0111502 
1 5.0000000 10.0000000 .0115378 
3 5.4700000 10.0000000 .0111745 
7 5.9400000 10.0000000 . 0116606 
1 l 6.4100000 10.0000000 .0210939 
15 6.4600000 10.0000000 . 0405511 
19 6.4900000 10.0000000 .0752482 
23 6.5000000 10.0000000 .9321579 
25 6.5100000 10.0000000 .5194722 
27 6.5400000 10.0000000 .0906309 
29 6.5900000 10.0000000 .0895777 
31 6.7266667 10.0000000 .0784687 
33 6.8633333 10.0000000 .0822079 
35 7.0000000 10.0000000 .0811683 
349 7.1666667 10.0000000 .0811222 
351 7.3333333 10.0000000 .0804788 
353 7.5000000 10.0000000 . 0939983 
37 7.6666667 10.0000000 .0814993 
39 7.8333333 10.0000000 .0828354 
41 8.0000000 10.0000000 .0846324 
43 8.6666667 10.0000000 .0986989 
45 9.3333333 10.0000000 . l 063432 
47 10.0000000 10.0000000 . 1075871 
,. 
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spond to those in the aluminum panel obtained by specifying the 
strains but using the material properties for the aluminum. As a base 
line comparison, Figure 5.1 plots dW/dV against the distance x at y 
= 10 in for Case CO which represents a perfectly bonded patch as de-
fined in Table 5.1. Note that dW/dV attains the highest value near 
the crack tip. At a distance r0 ~ 0.01 in, [(dW/dV)~~~]L = 51.82 
x 10-2 psi is obtained while [(dW/dV)~t~JG = 7.7775 x 10-2 psi occurs 
at GA which corresponds to node 31. The value of (dW/dV)min = 7.7338 
x ,o-2 psi at the patch edger is not the maximum; it is less than 
[(dW/dV)~~~JG. Refer to the numerical values given in Table 5.2. A 
crack instability index value of 1 = 0.210 in is thus obtained. It is 
confined near the crack tip. Once debonding occurs, the potential of 
crack initiation increases. This is indicated by the increase in i as 
illustrated in Figure 5.2 and the numerical results of dW/dV in Table 
5.3 for Case Cl. While [(dW/dV):t~JL = 51.95 x 10-2 psi remains lo-
cally near the crack tip, three global (dW/dV)min are found in Table 
5.3; they are: 7.8469 x 10-2 psi, 8.0479 x 10-2 psi and 8.1499 x 10-2 
psi occurring at nodes 31, 351 and 37, respectively. The location of 
maximum (dW/dV)min or [(dW/dV):t~JG = 8. 1499 x 10-2 psi locates G. 
This gives 1 = 1.170 in which is the distance between x = r0 and node 
37. Additional debonding further increases i. Oscillation pattern of 
dW/dV for Case C2 is exhibited in Figure 5.3. The location of 
[(dW/dV)m~x]G = 8.3382 x 10-2 psi has now shifted to node 39 which m,n 
lies just inside the debonded patch edger. This gives t = 1.190 in. 
A weaker minimum of dW/dV = 7.1640 x 10-2 psi occurred at node 31 
which can be seen from the data in Table 5.4. For Case C3, G has-
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Table 5.4. Strain energy density across panel width 
containing crack plane for Case C2. 
Node X y dW/dV 
No. (in) (in) (psi) 
48 .0000000 10.0000000 . 1100358 
46 .6666667 10.0000000 . 1053225 
44 1.3333333 10.0000000 .0943818 
;.\ 
42 2.0000000 10.0000000 .0775459 
. 40 2.1666667 10.0000000 .0773623 
'I 
38 2.3333333 10.0000000 .0778376 
354 2.5000000 10.0000000 .0783447 
352 2.6666667 10.0000000 .0789825 
350 2.8333333 10. 0000000 .0797625 
36 3.0000000 10.0000000 .0799569 
34 3.1366667 10.0000000 .0813256 
32 3.2733333 10.0000000 .0778123 
30 3.4100000 10.0000000 .0890731 
28 3.4600000 10.0000000 .0895576 
26 3.4900000 10.0000000 .5163906 
24 3.5000000 10.0000000 .9312817 
21 3.5100000 10.0000000 .0756303 
17 3.5400000 10.0000000 .0403606 
13 3.5900000 10.0000000 .0209229 
9 4.0600000 10.0000000 .0116315 
5 4.5300000 l 0. 0000000 .0111988 
1 5.0000000 10.0000000 .0115793 
3 5.4700000 10.0000000 .0112475 
7 5.9400000 10.0000000 .0117727 
l l 6.4100000 10.0000000 .0210931 
15 6.4600000 10.0000000 .0407629 
19 6.4900000 10.0000000 .0754558 
23 6.5000000 10.0000000 .9616300 
25 6.5100000 l 0.0000000 .5147765 
27 6.5400000 10.0000000 .0831292 
29 6.5900000 1 o. 0000000 .0820707 
31 6.6266667 10.0000000 .0716403 
33 6.6633333 10.0000000 .0794913 
35 6.7000000 10.0000000 .0820217 
349 6.8333333 10.0000000 .0842473 
351 6.9666667 10.0000000 .0847007 
353 7 .1000000 10.0000000 .1073990 
37 7.4000000 10.0000000 .0839328 
39 7.7000000 10.0000000 .0833818 
·" 
,, 41 8.0000000 10.0000000 .0833842 ... 
'· 43 8.6666667 10.0000000 .0980803 
45 9.3333333 10.0000000 .1065489 
47 10.0000000 10.0000000 .1086008 
,.·' 
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,, . Table 5.5. Strain energy density across panel width " 
containing crack plane for Case C3. 
Node X y dW/dV 
·''i 
No. (in) ( in) (esi) ., ' ~·· 
,;'I 
' 48 .0000000 10.0000000 .1100739 
46 .6666667 10.0000000 .1053458 
44 1.3333333 10.0000000 .0943950 
(. 42 2.0000000 10.0000000 .0775538 
.. 40 2.1666667 .1 0. 0000000 .0773748 
38 2.3333333 10.0000000 .0778501 
354 2.5000000 10.0000000 .0783533 
352 2.6666667 10.0000000 .0789910 
350 2.8333333 10.0000000 .0797672 
36 3.0000000 10.0000000 .0799614 
34 3. 1366667 10.0000000 . 0813302 
32 3.2733333 10.0000000 .0778202 
30 3.4100000 10.0000000 .0890706 
28 3.4600000 10.0000000 .0895590 
26 3.4900000 10.0000000 .5163647 
24 3.5000000 10.0000000 .9312945 
21 3.5100000 10.0000000 . 0756357 
17 3.5400000 10.0000000 .0403923 
13 3.5900000 10.0000000 .0209368 
9 4.0600000 10.0000000 .0116470 
5 4.5300000 10.0000000 .0112216 
1 5.0000000 10.0000000 .0115994 
3 5.4700000 10.0000000 .0113314 
7 5.9400000 10.0000000 .0118806 
1 l 6.4100000 10.0000000 .0211277 
15 6.4600000 10.0000000 .0408912 
19 6.4900000 10.0000000 .0749899 
23 6.5000000 10.0000000 .9599313 
25 6.5100000 10.0000000 .5118733 
27 6.5400000 10.0000000 .0819220 
29 6.5900000 10.0000000 .0813634 
31 6.6266667 10.0000000 .0725963 
33 6.6633333 10.0000000 .0816074 
35 6.7000000 10.0000000 .0846575 
: 349 6.7333333 10.0000000 .0882091 .. 
351 6.7666667 10.0000000 .0897654 
353 6.8000000 10.0000000 .1082970 
37 7.2000000 10.0000000 .0851831 .. , _, •, 
39 7.6000000' 10.0000000 .0830337 
'/: 41 8.0000000 10.0000000 .0827394 
~ .. ~ .. 43 8.6666667 10.0000000 .0977156 l~ '· ,• 
i'·. 45 9.3333333 10.0000000 .1067135 
. 47 10.0000000 10.0000000 . 1093397 ! 
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moved to node 41 that coincides with the debonded edge of the patch. 
The corresponding variations of dW/dV along the prospective crack 
growth path is shown in Figure 5.4 with [(dW/dV)~~JG = 8.2739 x 10-2 
psi which is larger than the (dW/dV)min of 7.2596 x 10-2 psi at node 
31. Table 5.5 gives the values of dW/dV for all x at y = 10 in. A 
complete description of the global dW/dV minima for Case C3 is dis-
played graphically in Figure 5.5. Two of the four dW/dV minima oc-
curred to the left side of the crack tip and two to the right side. 
The maximum global (dW/dV)min is at node 41. Surrunarized in Table 5.6 
are the crack instability index£ and the corresponding maximum of the 
local and global (dW/dV)min for collinear debonding of the patch. 
Table 5.6. Crack instability data for collinear debondino. bl 
max max 
Case No. [(dW) J [(dW) J £ aV . L ctV min G (in) m,n 
x 10-2 (psi) X 10-2 (psi) 
co 51.82 7.7775 0.21 
Cl 51.95 8. 1499 l . 17 
C2 51.48 8.3382 1 . 19 
C3 51 .87 8.2739 1. 49 
Since [(dW/dV):i~JL in all cases are much higher than 
[(dW/dV}:~~]G, fracture initiation, when it occurs, will start from 
the vicinity of the crack tip such that it tends to propagate from L 
to G. Crack tends to become more unstable as i increases with in-
creasing collinear debonding area, a result that is not unexpected. 
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5.2.2 Transverse Debonding 
Because of ~he lack of synmetry across. the y-axis, the plane on 
which fracture will initiate must be found by obtaining the angle eat 
which dW/dV acquires a local minimum, i.e., 
a{d~~dV) = 0, for r = r0 and e = emin ( 5 .1) 
This detennines the position Las shown in Figure 5.6. The position G 
at which [(dW/dV):~~]G occurs must be found by observing the maximum 
of minimum of dW/dV at points in the upper half-plane. Potential path 
Load direction 
Figure 5.6. 
1 --~Debonded area 
Failure path 
Patch edge r 
Unsymmetric crack initiation 
for transverse debonding. 
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Constant Contour dW/dV (psi} 
1 - 7.0 X 10-2 5 9.0 X 10-2 
2 - 7.5 
3 - 8.0 
4 - 8.5 
6 10.6 
7 11 . 0 
8 12.0 
\ 6\ 
Figure 5.7. Constant dW/dV contours for Case Tl. 
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of failure from L to G may deviate from the emin plane if the trans-
verse debonding is appreciable. 
To be analyzed are the Cases Tl,T2, ... ,T4 inclusive. The Case 
TO is the same as CO and will not be elaborated. Without going into 
details, the results given in Table 5.7 refer to those in the aluminum 
Table 5.7. Crack instability data for transverse debonding. 
Case 
No. 
TO 
Tl 
T2 
T3 
T4 
8min 
Degree 
oo 
oo 
oo 
35° to 36° 
35° to 36° 
max [(dW) J 
aV min L 
x 10-2 (psi) 
51.82 
51 . 13 
51 . 13 
63.01 
76. 15 
(6.50,10.00) 
(6.72,10.00) 
(6.75,10.00) 
(7.70,10.55) 
(7.70,10.55) 
max [(dW) J 
aV min G 
x 10-2 (psi) 
7.78 
7.90 
8.00 
8. 10 
8. 10 
£ 
(in) 
0. 21 
0.22 
0.25 
1 . 25 
1. 25 
panel. They are obtained by using the material properties of the pan-
el and not the effective properties for finding the strains in the 
patched panel. The coordinates of G(xG,yG) and values of 
[(dW/dV)~~~JG are obtained from the constant strain energy density 
contours. Figure 5.7 gives a display of dW/dV contours labelled from 
1 to 8 with intensity 7.0 x 10-2 to 12.0 x 10-2 psi. For the Case of 
Tl, the debonded area is relatively small in comparison with the 
patch, the small amount of anti-symmetry about the y-axis has negli-
gible influence on th~ direction of crack initiation. The coordinates 
of Gare found to be x6 = 6.72 in and y6 ~ 10.0 in with G lying on the 
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Constant Contour dWldV {esi) 
1 
2 
3 
4 
7.0 X 10-2 5 9.0 X 10-2 
7.5 
8.0 
8.5 
6 10.0 
7 11 . 0 
8 12.0 
£ = 0.25 in 
Figure 5.8. Constant dW/dV contours for Case T2. 
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Constant Contour dW/dV (esi) 
1 7.0 X 10-2 5 - 9.0 X 10-2 
2 7.5 
3 
-
8.0 
4 - 8.5 
Figure 5.9. 
6 
7 
8 
-
lo. 0 
-
11.0 
-
12. 0 
Constant dW/dV contours for Case T3. 
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Constant Contour dW/dV (psi) 
1 
2 -
3 
4 
7 .0 X 10-2 5 - 9.0 X 10-2 
7.5 
8.0 
8.5 
6 10.0 
7 11 . 0 
8 12.0 
!l = 1 . 25 in 
Figure 5.10. Constant dW/dV contours for Case T4. 
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x-axis as illustrated in Figure 5.7. Refer to Figure 3.9 for the ori-
gin of the xy-coordinate system which coincides with the lower left 
corner of the panel. This gives a value of i ~ 0.22 in which is only 
slightly larger than that of the Case CO. Fracture is predicted to 
initiate from L with emin ~ 0° where [(dW/dV)~~~]L is an order of mag-
nitude higher than [(dW/dV)~~~JG. As debonding is increased to Case 
T2, a slight increase in xR = 6.75 in is detected while yR remains ap-
proximately at 10 in with G lying on the x-axis. This is shown in 
* Figure 5.8 where emin remains nearly zero and i is increased only 
slightly to 0.25 in. A significant increase in£ occurs for Cases T3 
and T4 as indicated, respectively, in Figures 5.9 and 5.10. The angle 
emin now differs significantly from zero. Crack instability is also 
seen to increase with increasing transverse debonding. 
In general, it is desirable to localize crack initiation by 
minimizing£. This can be accomplished by increasing the patch thick-
ness parameter tp = 0.005 in in equation (3.44) which corresponds to 
using only one ply of the boron/epoxy patch. It is not uncorrrnon to 
have a six-ply patch with tp = 0.03 in in which case, both£ and dW/dV 
near the crack can be lowered. 
* More refinements in the local grid pattern are needed to provide de-
tails on emin· 
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5.3 Patch Effectiveness Index 
The load carrying capacity of a debonded patch can be best de-
scribed by the patch effectiveness index Ic or It. It is indicative 
of the increase in the local strain energy density as the patch edge 
debonded into a crack-like border. Refer to the notations adopted in 
Figures 3.1 and 3.2 for collinear and transverse debonding. 
Collinea.JL Vebonding. In this case, Ic is defined: 
36 [ Ji (dW/dV);Jr 
I =-=-~~~~~~~~~~~~~~ 
C 13 * 29 
[ifl (dW/dV);\ + [;fl (dW/dV);Jr-ABC 
(5.2) 
Nodal points on r, y and r-ABC in equation (5.2) can be found in Fig-
ure 3.9. On the patch periphery r, there are a total of 36 nodes num-
bered in the clockwise direction as 42,69,95, ... ,96 and 70 and the 
corresponding strain energy densities are computed by using the effec-
tive stiffnesses in equations (3.14) and (3.15). Refer to Table 5.8 
for their numerical data which apply to cases CO and TO. The 13 nodes 
on y for collinear debonding correspond to 187,183,179, ... ,184 and 188 
as shown in Figures 3.9 or 3.11. Nodes 187 and 188 are considered as 
part of the effective crack border in Figure 3.3; they correspond, re-
spectively, to points A and C in Figure 3.l(a). The effective strain 
* energy density (dW/dV)c (i = 1,2, ... ,13) are computed by using equa-
tion {3.22). Tables 5.9, 5.10 and 5.11 give, respectively, the numer-
ical values for Cases Cl, C2 and C3. The debonded portion of the 
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Table 5.8. Strain energy densities on undebonded patch 
,•, 
I, boundary r. 
Node X y dW/dV 
No. (in) {in) (psi) ' ' 
:'t 
42 2.0000000 10.0000000 . 1030321 
69 2.0300000 10.4230000 . 1056992 
95 2.1190000 10.8370000 . 1096161 
189 2.2656000 11.2344000 . 1169941 
211 2.5790000 11.7720000 . 1273906 
225 2.9960000 12.2330000 . 1341212 
243 3.5000000 12.5980000 . 1445479 
239 3.9740000 12.8190000 . 1386660 
235 4.4790000 12.9540000 . 1382956 
231 5.0000000 13.0000000 . 1359486 
233 5.5210000 12.9540000 . 1382956 
237 6.0260000 12.8190000 .1386660 
241 6.5000000 12.5980000 . 1445479 
223 7.0040000 12.2330000 . 1341212 
209 7.4210000 11.7720000 . 1273906 
187 7.7344000 11.2344000 .1296374 
93 7.8810000 10.8370000 .1096161 
67 7.9700000 10.4230000 . l 056992 
41 8.0000000 10.0000000 . l 030321 
68 7.9700000 9.5770000 . l 056955 
94 7.8810000 9.1630000 . l 095986 
188 7.7344000 8.7656000 . 1295913 
210 7.4210000 8.2280000 . 1274087 
224 7.0040000 7.7670000 .1341906 
242 6.5000000 7.4020000 . 1446806 
238 6.0260000 7.1810000 .1388757 
234 5.5210000 7.0460000 . 1385398 
232 5.0000000 7.0000000 .1361696 
236 4.4790000 7.0460000 . 1385398 
240 3.9740000 7. 1810000 . 1388757 
244 3.5000000 7.4020000 . 1446806 
226 2.9960000 7.7670000 .1341906 
212 2.5790000 8.2280000 .1274087 
190 2.2656000 8.7656000 .1169750 
96 2.1190000 9.1630000 . 1095986 
70 2.0300000 9.5770000 .1056955 
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Table 5.9. Effective strain energy densities on effective 
crack border y for Case Cl. 
* Node X y {dW/dV) J '' 
No. {in) {in) {psi) ' 
187 7.7344000 11.2344000 .3178775 
.·., 
·. 
183 7.6562667 11.1562667 .3388514 
,, 179 7.5781333 11.0781333 .3085150 
397 7.5000000 11.0000000 .2399621 
401 7.5000000 10.6666667 . 1388256 
405 7.5000000 10.3333333 . 1382205 
353 7.5000000 10.0000000 .2673697 
406 7.5000000 9.6666667 . 1382010 
402 7.5000000 9.3333333 . 1388256 
398 7.5000000 9.0000000 .2399364 
180 7.5781333 8.9218667 .3084568 
184 7.6562667 8.8437333 .3387293 
188 7.7344000 8.7656000 .3176705 
Table 5.10. Effective strain energy densities on effective 
crack border y for Case C2. 
* Node X y ( d~I/ dV) 
No. (in) (in) (psi) 
187 7.7344000 11.2344000 .2220438 
183 7.5229333 11.0229333 .2184749 
179 7.3114667 10.8114667 .2894195 
397 7.1000000 10.6000000 .3220008 
401 7.1000000 10.4000000 .2139392 
405 7. l 000000 10.2000000 . 1549806 
353 7.1000000 10.0000000 . 1978553 
406 7. 1000000 9.8000000 . 1549806 
402 7. l 000000 9.6000000 .2139392 
398 7.1000000 9.4000000 .3220008 
180 7.3114667 9. 1885333 .2894195 
184 7.5229333 8.9770667 .2184013 
188 7.7344000 8.7656000 .2218955 
\ .. 
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Table 5.11. Effective strain energy densities on effective 
crack border y for Case C3. 
. * Node X y (dW/dV) 
No. (in) ( in) (psi) 
187 7-. 7344000 11.2344000 .2261401 
183 7.4229333 10.9229333 .2022417 
179 7 .1114667 10.6114667 .2597237 
397 6.8000000 10.3000000 .3023992 
401 6.8000000 10.2000000 .2639368 
405 6.8000000 10.1000000 .2l55919 
353 6.8000000 10.0000000 .2229095 
406 6.8000000 9.9000000 .2155675 
402 6.8000000 9.8000000 .2639099 
398 6.8000000 9.7000000 .3023992 
180 7.1114667 9.3885333 .2597504 
184 7.4229333 9.0770667 .2021945 
188 7.7344000 8.7656000 .2259905 
patch involves not only the boundary ABC which contains the five nodes 
93,67,41,68 and 94, but also the two nodes 37 and 39 shown in Figure 
3.11 which are to be excluded. This gives a total of 29 nodes on 
r-ABC and the corresponding strain energy densities are given in Ta-
bles 5.12 to 5.14 inclusive. 
Tll.a.n1>ve/t..6e Vebonding. In the same way, a patch effectiveness 
index It can be defined for transverse debonding: 
(5.3) 
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Table 5.12. Strain energy densities on debonded portion 
of patch r-ABC for Case Cl. 
Node X y dW/dV 
No. (1n) (in) (psi) 
42 2.0000000 10.0000000 . l 030268 
69 2.0300000 10.4230000 . l 056993 
95 2.1190000 10.8370000 .1096104 
189 2.2656000 11.2344000 .1169996 ' 
.. 
211 2.5790000 11.7720000 . 1274082 ' 
225 2.9960000 12.2330000 .1341572 ·:; ·• 
243 3.5000000 12. 5980000 .1445910 
239 3.9740000 12.8190000 . 1387148 
235 4.4790000 12.9540000 . 1383257 
231 5.0000000 13.0000000 . 1359480 
233 5.5210000 12.9540000 . 1383486 
237 6.0260000 12.8190000 . 1387343 
241 6.5000000 12.5980000 . 1444918 
223 7.0040000 12.2330000 .1336045 
209 7.4210000 11.7720000 . 1258878 
210 7.4210000 8.2280000 . 1259048 
224 7.0040000 7.7670000 . 1336727 
242 6.5000000 7.4020000 . 1446239 
238 6.0260000 7.1810000 . 1389437 
234 5.5210000 7.0460000 . 1385867 
232 5.0000000 7.0000000 .1361751 
236 4.4790000 7.0460000 . 1385701 
240 3.9740000 7. 1810000 . 1389184 
244 3.5000000 7.4020000 . 1447239 
226 2.9960000 7.7670000 . 1342263 
212 2.5790000 8.2280000 . 1274259 
190 2.2656000 8.7656000 . 1169801 
96 2.1190000 9.1630000 . 1095985 
70 2.0300000 9.5770000 . 1056955 
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Table 5.13. 
Node 
No. 
42 
69 
95 
189 
211 
225 
243 
239 
235 
231 
233 
237 
241 
223 
209 
210 
224 
242 
238 
234 
232 
236 
240 
244 
226 
212 
190 
96 
70 
.~. • • ' .• I • .) ; r 
Strain energy densities on debonded portion 
of patch·r-ABC for Case C2. 
dW/dV X y 
(in) {in) (psi) 
2.0000000 10.0000000 .1030587 '' 
2.0300000 10.4230000 .1057260 • 1'4· ; 
2.1190000 10.8370000 .1096368 ~ 
' 
2.2656000 11.2344000 .1170142 
2.5790000 11.7720000 .1274114 
2.9960000 12. 2330000 .1341482 
3.5000000 12.5980000 .1445635 
3.9740000 12.8190000 .1386398 . ,j 
4.4790000 12. 9540000 .1382145 f ,·. 
5.0000000 13.0000000 . 1358069 ,\ 
5.5210000 12. 9540000 .1383107 
6.0260000 12.8190000 .1388316 
6.5000000 12. 5980000 .1447319 
7.0040000 12. 2330000 .1336079 
7.4210000 11.7720000 .1260227 
7.4210000 8.2280000 .1260451 
7.0040000 7.7670000 . 1336825 
6.5000000 7.4020000 .1448648 
6.0260000 7 .1810000 . 1390414 
5.5210000 7.0460000 .1385548 
5.0000000 7.0000000 . 1360339 
4.4790000 7.0460000 . 1384586 
3.9740000 7 .1810000 . 1388497 
3.5000000 7.4020000 . 1446962 
2.9960000 7.7670000 . 1342172 
2.5790000 8.2280000 .l,274349 
2.2656000 8.7656000 . 1169948 
2.1190000 9.1630000 . 1096193 
2.0300000 9.5770000 . 1057221 
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Table 5.14. 
Node 
No. 
42 
69 
95 
189 
211 
225 
243 
239 
235 
231 
233 
237 
241 
223 
209 
210 
224 
242 
238 
234 
232 
236 
240 
244 
226 
212 
190 
96 
70 
Strain energy densities on debonded portion 
of patch r-ABC for·case C3. 
X y dW/dV 
(in} (in) (psi) 
4 
2.0000000 10.0000000 .1030694 
2.0300000 10.4230000 . 1057420 
2.1190000 10.8370000 .1096470 
2.2656000 11.2344000 . 1170127 
2.5790000 11.7720000 .1274100 
2. 9960000 · 12.2330000 .1341407 
3.5000000 12.5980000 . 1445496 
3.9740000 12.8190000 . 1385902 
4.4790000 12.9540000 . 1381219 
5.0000000 13.0000000 . 1356783 
5.5210000 12.9540000 . 1383221 
6.0260000 12.8190000 . 1390028 
6.5000000 12.5980000 . 1449842 
7.0040000 12.2330000 . 1335862 
7.4210000 11.7720000 . 1258960 
7.4210000 8.2280000 .1259122 
7. 0040000 . 7.7670000 . 1336550 
6.5000000 7.4020000 .1451173 
6.0260000 7. 1810000 .1392066 
5.5210000 7.0460000 . 1385662 
5.0000000 7.0000000 . 1359053 
4.4790000 7.0460000 . 1383721 
3.9740000 7. 1810000 . 1387998 
3.5000000 7.4020000 . 1446826 
2.9960000 7.7670000 . 1342160 
2.5790000 8.2280000 . 1274277 
2.2656000 8.7656000 .1169935 
2.1190000 9.1630000 . 1096295 
2.0300000 9.5770000 .1057328 
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Since the case of undebonded patch TO is the same as CO, no discussion 
is necessary. According to Figure 3.9, the 13 nodes on the effective 
crack border y for cases Tl,T2, ... ,T4 are 243,221,207, ... ,205, 219 and 
* 241. The corresponding effective strain energy densities (dW/dV) 
computed from equation (3.22) can be found in Tables 5.15 to 5.18 in-
clusive. Again, it is understood that the debonded boundary r-DEF ex-
Table 5.15. Effective strain energy densities on effective 
crack border y for Case Tl. 
* Node X y (dW/dV) 
No. (in) (in) (psi) 
243 3.5000000 12. 5980000 .3873195 
221 3.5000000 12. 3986667 .3026894 
207 3.5000000 12. 1993333 .3648212 
387 3.5000000 12.0000000 .3886998 
383 4.0000000 12.0000000 .1635642 
379 4.5000000 12. 0000000 . 1214374 
375 5.0000000 12.0000000 .2368600 
377 5.5000000 12. 0000000 .1214374 
381 6.0000000 12. 0000000 . 1635642 
385 6.5000000 12.0000000 .3886998 
205 6.5000000 12. 1993333 .3648212 
219 6.5000000 12. 3986667 .3026894 
241 6.5000000 12.5980000 .3873195 
eludes nodes 239, 235, 231, 233, 237, 217 and 203. This gives a 
total of 29 nodes and the corresponding strain energy densities are 
given in Tables 5.19 to 5.22 inclusive. 
Swnma.Jty 06 Re6ult6. Inserting the values of (dW/dV); on r 
* (i = 1,2, ... ,36) in Table 5.8; (dW/dV); on y (i = 1,2, ... ,13) in Ta-
bles 5.9 to 5.11; and (dW/dV); on r-ABC (i = 1,2, ... ,29) in Tables 
5.12 to 5.14 into equation (5.2), Ic for collinear debonding can be 
computed. Their values are given in Table 5.23. Note that the path 
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Table 5.16. Effective strain energy densities on effective 
crack border r for Case T2. 
Node * X y (dW/dV) 
No. (in) (in) (psi) 
243 3.5000000 12.5980000 .4089636 
221 3.5000000 12. 2320000 .3499565 
207 3.5000000 11.8660000 .4119799 
387 3.5000000 11.5000000 .4270710 
383 4.0000000 11.5000000 .1655141 
. :. 
379 4.5000000 11.5000000 .1143238 'I 
~ 375 5.0000000 11.5000000 .2409197 
377 5.5000000 11.5000000 .1143238 I I , 
381 6.0000000 11.5000000 . 1655141 
385 6.5000000 11.5000000 .4270710 
205 6.5000000 11.8660000 .4119799 
219 6.5000000 12.2320000 .3499565 
241 6.5000000 12.5980000 .4089636 
Table 5.17. Effective strain energy densities on effective 
crack border y for Case T3. 
* Node X y (dW/dV) 
No. (in) (in) (psi) 
243 3.5000000 12.5980000 .4317626 
221 3.5000000 12.0653333 .3959223 
207 3.5000000 11.5326667 .4470352 
387 3.5000000 11.0000000 .4507174 
383 4.0000000 11.0000000 . 1732103 
379 4.5000000 11.0000000 .1129862 
375 5.0000000 11.0000000 .2343238 
•' 377 5.5000000 11.0000000 .1129862 
•i 
381 6.0000000 11.0000000 .1732103 
385 6.5000000 11.0000000 .4507174 
205 6.5000000 11.5326667 .4470352 
219 6.5000000 12.0653333 .3959223 
241 6.5000000 12.5980000 .4317626 
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Table 5.18. Effective strain energy densities on effective 
crack border y for Case T4. 
Node * X y {dW/dV) 
No. (in) (in) (psi) 
243 3.5000000 12.5980000 .4481116 
221 3.5000000 11.9320000 .4281082 
207 3.5000000 11.2660000 .4686606 
387 3.5000000 10.6000000 .4650570 
383 4.0000000 10.6000000 .1806931 
379 4.5000000 10.6000000 . 1145817 
375 5.0000000 10.6000000 .2289545 
377 5.5000000 10.6000000 . 1145817 
381 6.0000000 10.6000000 . 1806931 
385 6.5000000 10.6000000 .4650570 
205 6.5000000 11.2660000 .4686606 
219 6.5000000 11.9320000 .4281082 
241 6.5000000 12.5980000 .4481116 
effectiveness tends to decrease with increasing area of debonding. 
Such a parameter is useful for ranking the effectiveness of damaged 
patch and it includes all the combined effects of loading, geometry, 
material and the type of damage. 
Following the same procedure, (dW/dV)i on r (i = 1,2, ... ,3) in 
* Table 5.8; (dW/dV)i on y (i = 1,2, ... , 13) 'in Tables 5.15 to 5.18; and 
(dW/dV); on r (i = l,2, ... ,9) in Tables 5.19 to 5.22 can be put into 
equation (5.3) to yield It for transverse debonding. The results are 
given in Table 5.24. A comparison of It in Table 5.24 with Ic in 
Table 5.23 shows that transverse debonding is much more detrimental 
than collinear debonding. The patch effective index It is much smal-
ler than Ic for approximately the same area of debonding. The loca-
tion of the damaged area in relation to the crack can greatly influ-
ence the load carrying capacity of the patch. This is clearly demon-
strated by the results in Tables 5.23 and 5.24. 
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Table 5 .19. 
Node 
No. 
42 
69 
95 
189 
211 
225 
223 
209 
187 
93 
67 
41 
68 
94 
188 
210 
224 
242 
238 
234 
232 
236 
240 
244 
226 
212 
190 
96 
70 
Strain energy densities on debonded portion 
of ~atch r-DEF for Case Tl. 
X y 
(in) (in) 
2.0000000 10.0000000 
2.0300000 10.4230000 
2 .1190000 10.8370000 
2.2656000 11.2344000 
2.5790000 11.7720000 
2.9960000 12.2330000 
7.0040000 12.2330000 
7.4210000 11.7720000 
7.7344000 11.2344000 
7.8810000 10.8370000 
7.9700000 10.4230000 
8.0000000 10.0000000 
7.9700000 9.5770000 
7.8810000 9.1630000 
7.7344000 8.7656000 
7.4210000 8.2280000 
7.0040000 7.7670000 
6.5000000 7.4020000 
6.0260000 7 .1810000 
5.5210000 7.0460000 
5.0000000 7.0000000 
4.4790000 7.0460000 
3.9740000 7. 1810000 
3.5000000 7.4020000 
2.9960000 7.7670000 
2.5790000 8.2280000 
2.2656000 8.7656000 
2.1190000 9.1630000 
2.0300000 9.5770000 
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dW/dV ti ·~ 
,·: (psi) I', • !11 I,'. 
! : 
.1045291 l c, ' ' .. ·, 
' " 
.1074906 I ' I ' I ; • 
.1113982 .... ,. : , •I I i 
.1194658 I • \ 
.1307468 
.1417463 , ·~ 
.1417463 ! ; 
. 1307468 I 
.1194658 
. 1113982 
. 1074906 
.1045291 
.1069946 
. 1105635 
.1177444 
.1277147 
.1340219 
.1440677 
. 1378681 
. 1373091 
. 1349693 
.1373091 
. 1378681 
.1440677 
. 1340219 
.1277147 
.1177444 
.1105635 
.1069946 
_I 
~; 
Node 
No. 
42 
69 
95 
189 
211 
225 
223 
209 
187 
93 
67 
41 
68 
94 
188 
210 
224 
242 
238 
234 
232 
236 
240 
244 
226 
212 
190 
96 
70 
Table 5.20. 
,: ~ * '. • ~ ' 
Strain energy densities on debonded portion 
of patch r-DEF for Case T2. 
X y (in) {in) 
2.0000000 10.0000000 
2.0300000 10.4230000 
2.1190000 10.8370000 
2.2656000 11.2344000 
2.5790000 11.7720000 
2.9960000 12.2330000 
7.0040000 12.2330000 
7.4210000 11.7720000 
7.7344000 11.2344000 
7.8810000 10.8370000 
7.9700000 10.4230000 
8.0000000 10.0000000 
7.9700000 9.5770000 
7.8810000 9.1630000 
7.7344000 8.7656000 
7.4210000 8.2280000 
7.0040000 7.7670000 
6.5000000 7.4020000 
6.0260000 7. 1810000 
5.5210000 7.0460000 
5.0000000 7.0000000 
4.4790000 7.0460000 
3.9740000 7.1810000 
3.5000000 7.4020000 
2.9960000 7.7670000 
2.5790000 8.2280000 
2.2656000 8.7656000 
2.1190000 9.1630000 
2.0300000 9.5770000 
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dW/dV 
{psi) 
.1055463 
.1084693 
. 1120541 
. 1197131 '• 1.:: h 
.1332203 ,;..; 
. 1455390 ,, 
·, 
.1455390 ,, 
.1332203 
. 1197131 
.1120541 
. 1084693 
. 1055463 
. 1079564 
.1113386 
. 1183888 
. 1280667 
. 1340511 
. 1437756 
. 1372519 
.1365165 
.1341651 
.1365165 
.1372519 
. 1437756 
. 1340511 
. 1280667 
. 1183888 
.1113386 
. 1079564 
,·, 
,. 
',I j 
Table 5.21. Strain energy densities on debonded portion 
of patch r-DEF for Case T3 . . 
Node X y dW/dV 
•. No. (in) (in) (psi) 
42 2.0000000 10.0000000 .1065010 
.. 69 2.0300000 10.4230000 .1092869 I I 
'I ~ 
95 2.1190000 10.8370000 .1125782 ... ~ 
189 2.2656000 11.2344000 .1200004 ! , 
211 2.5790000 11.7720000 .1356003 
225 2.9960000 12.2330000 . 1482732 
223 7.0040000 12.2330000 . 1482732 
209 7.4210000 11.7720000 .1356003 
187 7.7344000 11.2344000 .1200004 
93 7.8810000 10.8370000 .1125782 
67 7.9700000 10.4230000 . 1092869 
41 8.0000000 10.0000000 . 1065010 
68 7.9700000 9.5770000 .1089363 
94 7.8810000 9.1630000 . 1122356 
188 7.7344000 8.7656000 . 1192081 
210 7.4210000 8.2280000 . 1286112 
224 7.0040000 7.7670000 .1342315 
242 6.5000000 7.4020000 .1435513 
238 6.0260000 7. 1810000 . 1366224 
234 5.5210000 7.0460000 . 1356368 
232 5.0000000 7.0000000 . 1332489 
236 4.4790000 7.0460000 .1356368 
240 3.9740000 7. 1810000 . 1366224 
244 3.5000000 7.4020000 .1435513 
226 2.9960000 7.7670000 . 1342315 
212 2.5790000 8.2280000 .1286112 
190 2.2656000 8.7656000 . 1192081 
96 2.1190000 9.1630000 . 1122356 
70 2.0300000 9.5770000 .1089363 
,,, ' 
r'~' 
'·!· 
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Table 5.22. Strain energy densities on debonded portion 
of patch r-DEF for Case T4. 
Node X y dW/dV 
No. (in) (in) {psi) 
I 
42 2.0000000 10.0000000 .1070725 
69 2.0300000 10.4230000 .1097443 
95 2.1190000 10.8370000 .1129331 
189 2.2656000 11.2344000 .1204377 
211 2~5790000 11.7720000 .1372867 
225 2.9960000 12.2330000 .1497931 
223 7.0040000 12.2330000 .1497931 
209 7.4210000 11.7720000 .. 1372867 I 
187 7.7344000 11.2344000 . 1204377 ,'j: 
. . 
·.1! 
93 7.8810000 10.8370000 . 1129331 .. 
67 7.9700000 10.4230000 . 1097443 
'. 41 8.0000000 10.0000000 .1070725 ·, 
68 7.9700000 9.5770000 . 1096201 
94 7.8810000 9.1630000 . 1129666 
188 7.7344000 8.7656000 . 1199801 
210 7.4210000 8.2280000 . 1292152 
224 7.0040000 7.7670000 . 1345190 
242 6.5000000 7.4020000 . 1434531 
238 6.0260000 7. 1810000 . 1361141 
234 5.5210000 7.0460000 . 1348833 
232 5.0000000 7.0000000 . 1324210 
236 4.4790000 7.0460000 .1348833 
240 3.9740000 7 .1810000 . 1361141 
244 3.5000000 7.4020000 . 1434531 
226 2.9960000 7.7670000 . 1345190 
212 2.5790000 8.2280000 .1292152 
190 2.2656000 8.7656000 . 1199801 
96 2.1190000 9.1630000 .1129666 
70 2.0300000 9.5770000 . 1096201 
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Table 5.23. Patch effectiveness index for collinear debonding. 
Case No. d DebondinJ Area le (in) (in 2 (%) , 
,{ 
co 0 0 100 . . , 
-~ 
Cl 0.5 0.965 86.6 
'J 
C2 0.9 1.605 85. 1 
C3 l . 2 1.875 84.0 
Table 5.24. Patch effectiveness index for transverse 
debonding. 
Case No. d DebondinJ Area It (in) ( i n2 (%) 
TO 0 0 100 
Tl 1 . 0 3.816 80.8 
T2 l . 5 5.316 73.6 
T3 2.0 6.816 67 .1 
T4 2.4 8.016 62.6 
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VI. CONCLUSIONS AND REC0t+1ENDATI0NS FOR FUTURE RESEARCH 
Analyzed in this work is the effect of patch debonding on the re-
mainin~ strength of' reinforced panels that contain initial cracks. 
The influence of the patch thickness, adhesive layer and panel thick-
ness are accounted for by applying the effective stiffness concept in 
conjunction with the finite element procedure. Two types of edge-de-
bonding are considered; they correspond to debonding in regions col-
linear and transverse to the crack whose plane is assumed to be nonnal 
to the applied load. When a portion of the patch is detached from the 
panel, free surfaces are created giving rise to a new crack border. 
This crack lies in a plane nonnal to that in the panel. An effective 
crack border is thus defined for calculating the local intensification 
of the strain energy density function. Among the important contribu-
tions are the concept of crack instability parameter and patch effec-
tiveness index. The distance£ between the local and global maximum 
of the minimum strain energy density function gives an indication of 
failure instability by fracture. Instability tends to increase with 
£. For about the same size of patch damage, collinear debonding leads 
to more unstable fracture than transverse debonding where crack growth 
is no longer self-similar. The patch effectiveness index I measures 
the load carrying capacity of the damaged path. In this case, trans-
verse debonding is less favorable as compared with collinear debond-
ing. In general, both i and I must be considered for assessing the 
integrity of the damaged patch. 
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· Although crack patching analyses have been published in many pre-
. vious publications that can be found in [l], the majority of the works 
were concerned with detennining the displacements and stresses in the 
structure rather than developing predictive capability. In this re-
sp~ct, the major contributions of the present investigation can be 
surrmari2ed as follows: 
1 The local and global maximum of the minimum strain energy den-
sity function are obtained to define a crack patching instability for 
collinear and transverse edge-debonding. Geometric and material pa-
rameters can thus be optimized for specified loading conditions such 
that fracture can be stabilized and localized in the vicinity of the 
original crack. The means for monitoring crack growth can then be de-
veloped to assure safe service life of the reinforcement. 
• Using the undamaged patch as the base line, a patch effective-
ness index is defined so that different damage areas and locations can 
be ranked in terms of a single parameter for comparison. This addi-
tional infonnation can be used to detennine the remaining strength of 
damaged reinforcement. 
Even though useful infonnation has been obtained from the effec-
tive stiffness model, additional refinements are necessary to enhance 
the failure prediction of reinforced panels with damaged patches. 
Among the major items that future research can be concerned with are 
outlined below. 
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6.1 Thickness Effect 
Instead of defining effective elastic moduli as it is done in 
equations (3.14) and (3.15), an iteration scheme can be developed as 
illustrated in Figures 6.l(a) to 6.l(q), say for the case of collinear 
debonding. Initially, a series of two-dimensional problems in the yz-
plane that correspond to the cross-sections of the patched panel will 
be solved. For illustration, refer to the three sections 1-2, 3-4, 
and 5-6 in Figure 6.l(a). Across the plane 1-2, Figure 6.l(b) shows 
that the panel is disconnected at the open crack while the full height 
of the patch and adhesive appear. Cross-section 3-4 cuts along the 
uncracked portion of the panel where the patch and adhesive are 
shorter in length. This is shown in Figure 6.l(c). The cross-section 
5-6 in Figure 6.l(d) cuts across mostly the debonded portion of the 
patch; only the ends are bonded with adhesive creating two cracks 
along they-direction. The displacements at points 1,2, ... ,6 on the 
periphery of the damaged patch are obtained and used as the initial 
values on the panel to start the iteration. This procedure is re-
peated until the displacements on the damaged patch match those on the 
panel where they are bonded. Although this is not a fully three-di-
mensional analysis, the effect of the newly created crack, as a result 
of patch debonding in Figure 6.l(d), is included in the analysis. 
6.2 Plastic Deformation 
Since the local stress, strain and energy density in the immediate 
0 
vicinity of the crack tip can be extremely high, plastic or pennanent 
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defonnation cannot be avoided. This applies to the original crack 
shown by the plane view in Figure 6.l(a) and the two cracks in Figure 
6.l(d) created by patch debonding. The incremental theory of plastic-
ity must then be incorporated into the finite element fonnulation 
where the energy dissipated by plasticity must now be distinguished 
from the stored energy that potentially be released to create new 
crack surfaces. The locations of yielding or pennanent deformation 
can be detennined from a knowledge of the maximum of the maximum 
strain energy density as discussed earlier. Applications of the 
strain energy density criterion to include plastic deformation can be 
found in [16-18]. Corrections for change in the local strain rates 
and strain rate history can also be made by modifying the classical 
theory of plasticity where the constitutive relations for the elements 
near the crack will no longer be the same as those far away. The de-
tails on this can be found in [19]. 
6.3 Directional Interaction of Loading and Debonding 
Service loading can, in general, change direction as illustrated 
in Figure 6.2 in relation to the location of edge-bonding. That is, 
the angles a and Scan vary from case to case. It is no longer obvi-
ous that the fibers in the boron/epoxy patch should be directed along 
the y-axis. The ideal fiber direction is probably in line with the 
load a at an angle S with the x-axis. In practice, a quasi-isotropic 
composite patch is probably preferred so as to account for all possi-
ble orientations of the load. Information of the remaining strength 
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Figure 6.2. Change in load direction and debonding 
orientation. 
of the patched panel for different a would be useful for making deci-
sions on maintenance and repair. 
6.4 Subcritical Crack Growth 
The capability for predicting subcritical crack growth in patched 
panels subjected to monotonic and cyclic loadings prior to the onset 
of unstable fracture is needed for establishing inspection procedures. 
This can be accomplished by employing the strain energy density cri-
terion [20-22]. In addition .to the conditions stated in Section 4.2 
for determining fracture initiation, it can be assumed that crack 
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growth segments follow constant Sj/rj' where j = 1,2, .•• ,n. That is, 
once crack motion is initiated by reaching (dW/dV)c, the following 
prevails 
(dW) s, S2 
- - -
-- --cJV C r, r2 
in which 
s. 
= _J_ = 
. . . r. 
J 
. 
< ... < r 
C 
Sc S ( 6. 1) =-or~ . . . r r 
C a 
(6.2) 
correspond to increasing rate of crack growth leading to unstable 
fracture and 
(6.3) 
correspond to·decreasing rate of crack growth resulting in crack ar-
rest. Depending on the interaction of load, geometry and material, 
the crack failure behavior may involve the combination of the condi-
tions in equations (6.2) and (6.3). 
Note that thickness effect, plastic defonnation and arbitrary load 
and debonding direction can all be included in .. the·--analysis on sub-
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critical crack growth. These additional considerations are beyond the 
scope of this work and will be left for the future. 
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